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Higher-Order Approximation to the
Thermal Conductivity of Monatomic Gas Mixtures
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This paper presents expressions for the evaluation of the second- and third-order
Chapman-Cowling approximation to the thermal conductivity of a multicompo-
nent monatomic gas mixture in the limit of zero density. Calculation of these
higher-order corrections have been carried out for some monatomic gas mixtures.
The higher-order corrections contribute as much as 3% to the thermal conductivity
of binary mixtures of gases with a large mass ratio. It is found fhat the
higher-order kinetic theory formulae provide an adequate description of recent
thermal conductivity data that have an associated uncertainty of +0.2%. The
results of this analysis are employed to demonstrate that these thermal conductiv-
ity data are entirely consistent with earlier viscosity data on the same systems.

KEY WORDS: gas mixtures; kinetic theory; thermal conductivity; transport
theory.

1. INTRODUCTION

Recent developments in the measurement of the thermal conductivity of
fluids have made it possible to determine the thermal conductivity of dilute
gases and gas mixtures with an associated uncertainty of +0.2% [1-3]. A
prerequisite for the interpretation of such data is a kinetic theory expression
for the thermal conductivity of the gas or gas mixture that relates the
transport property to intermolecular pair potential energy functions, and
which is at least as accurate as the experimental results. In the case of pure
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monatomic gases, such a relation has been available for a considerable time
[4]. However, in the case of binary and multicomponent mixtures, no explicit
formulae of equivalent accuracy are available. First, this is a consequence of
the relatively poor precision of earlier thermal conductivity measurements,
which did not justify a formula of high accuracy. Second, it is a result of the
sheer algebraic complexity of the problem. In order to avoid these algebraic
difficulties, simple modifications have sometimes been applied to the lowest-
order formula for the thermal conductivity {5] in an attempt to improve its
accuracy [6, 7]. In a recent publication [3] it has been shown that the
available kinetic theory formulae for the thermal conductivity are incapable
of describing very accurate data, and so in this paper we obtain rigorous
formulae for high-order approximations to this transport property for multi-
component gas mixtures. We then employ them for the interpretation of the
recent accurate experimental data.

2. THEORETICAL BACKGROUND

The thermal conductivity of a dilute gas mixture of » components in the
stationary state, when all diffusion fluxes are zero, is denoted by A, and may
be written in the form {8]

A =X — 1k Z kg Dy, (D

i=1

where k is Boltzmann’s constant. Here, A, is the thermal conductivity of the
mixture when it is of uniform composition, the k; are the multicomponent
thermal diffusion ratios for the mixtures, and the Dy, are the multicomponent
thermal diffusion coefficients.” The symbol n denotes the total number
density of molecules in the gas. All experimental methods for the measure-
ment of the thermal conductivity of a mixture, including the transient
hot-wire technique, determine A, rather than A, [10]. Consequently, in order
to develop a useful theoretical expression for the mixture thermal conductivi-
ty, we must evaluate the individual transport coefficients Ay, k7;, and Dy,.
Each of these transport coefficients can be written, at least implicitly, in
terms of the coefficients of Sonine polynomial series expansions, which occur
in the Chapman-Enskog solution of the Boltzmann equations [8]. These
expansion coefficients are themselves determined from sets of linear algebraic
equations derived from various integral relations that arise in the solution. An

3The multicomponent thermal diffusion coefficients we employ here are those defined by
Waldmann [9].
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exact solution for the transport coefficients can only be obtained if each of the
Sonine polynomial expansions used in the Chapman-Enskog solution of the
Boltzmann equation contains an infinite number of terms. Correspondingly,
the required expansion coefficients are then to be obtained from the solution
of an infinite set of linear algebraic equations. Chapman and Cowling [11]
developed a scheme whereby successive approximations to the transport
coefficients can be obtained by employing a finite Sonine polynomial expan-
sion and a corresponding finite set of equations for the expansion coefficients.
Thus, according to the Chapman-Cowling approximation scheme, an nth
order approximation to the three transport coefficients of interest here can be
derived from the equations [8]

5. & (n
_= ) m
[Aoln 2 k < (n) a; (2)
1 (n)
[Dpl, = _571’ a;p (3)
and
- . 5 <& [ n; )
d» i(n+1) k d,=— = (_j) d i(n+1)
; 0 L] 25 \n - (4a)
(i=1, , )
with
S k=0 (4b)
i=1

Here a;,", a,4"", d;,", and d,,"™ are the coefficients of the Sonine polynom-
ial expansions. The superscript (») that is attached to each symbol indicates
explicitly that the value of a particular coeflicient depends upon the order of
approximation and so upon the number of terms retained in the Sonine
polynomial expansions. The symbol #; denotes the number density of mole-
cules of species i in the mixture.

The expansion coefficients @;," are to be obtained from the set of
equations [8]

14 n 4 n, .

Z AP _(n)=_,(_')5 (i=1,...,»

Pl e Sk\n) " (5a)
p=0,...,n)
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with

v

(%) a;” =0 forp=0 (5b)

i=1

The coefficients d,,* are obtained from the set of equations

v n-1 8 0 .

z z A-qudjqk(")=—(5~k——')5o (i=1,...,v

; v 25k \" F 6a
j=1 =0 P p=0,...,n—1) (6a)

with

12

(&) dig™ =0 forp=0 (6b)
p

i=1

In these equations we have introduced the symbols p; for the mass density of
species i, p for the total mass density of the gas mixture and, in addition, 6
represents the Kronecker delta. The quantities A,/ are related to certain
so-called bracket integrals [8]. They include all the information about the
collision dynamics of pairwise molecular encounters. They therefore depend
upon the intermolecular pair potentials and will be defined later.

We note here that we have adopted the convention of Ferziger and
Kaper [8] for the nomenclature of the various orders of approximation to the
transport coefficients. Thus an nth order approximation to any transport
coefficient is obtained by employing the appropriate value of n in Egs.
(2)—(6). This implies that the first-order approximation to any transport
cocfficient is the first nonvanishing approximation.* The nth order approxi-
mation to the stationary state thermal conductivity A, is, therefore, given by
the expression [8]

s = Dila — 1k 3 enda (D), ™

Equations (2)—(7) together form a consistent scheme for the evaluation
of the thermal conductivity [A.], for a multicomponent mixture to any order

*This convention is different from that employed by Muckenfuss and Curtiss [5], who defined the

order of approximation as the number of terms occuring in the Sonine polynomial expansion.
Thus, with the present nomenclature their expression for the thermal conductivity of a
multicomponent mixture is a first-order approximation.
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of approximation given only values for the quantities A;/?. Indeed, the advent
of high speed digital computers may make this implicit formulation the most
convenient, since the sets of linear algebraic equations (4)-(6) can be readily
solved numerically to yield a;,™, d;,™*", d,y/*" and [k ] We note that in
order to evaluate [kg],, it is necessary to determine d,, "and d,,’ to the
(n + 1)th order. There are some advantages to be gamed from an explicit
algebraic solution of the foregoing equations and these solutions are presented
in the subsequent section.

3. EXPLICIT FORMULAS

A. First-Order Approximation

A consistent, first-order approximation for the thermal conductivity of a
multicomponent gas mixture has already been given by Muckenfuss and
Curtiss [5]. In this order the result is comparatively simple and may be
written in terms of the single determinant ratio:

L' e Llu“ Xy
; - ) LM
[Am]l _ Lv.l ..... Lw x” : : (8)
L 1“ ........ L u
X, v X, 0
Here we have employed a notation such that
Lij” _ A,-j“ (9)

which we shall find useful for the higher-order approximations.’ The elements
L, are defined in terms of reduced collision integrals in the Appendix.

B. The nth Order Approximation

In approximations of higher order than the first, the two terms of the
right-hand side of Eq. (7) are not easily combined. Consequently, it is
preferable to give general expressions for each of the individual transport
coefficients [Ag],, [Dr:]., and [k4], for use in Eq. (7). Algebraic solutions of

The L,/ defined here are not those employed by Hirschfelder et al. [4] and Muckenfuss and
Curtiss [5]. The two sets of quantities are related by the identity L,/ = — Y4 (L") ycs-
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Eqgs. (4)—(6), when employed in Egs. (2) and (3), yield the following results:
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where in terms of the quantities A,

: M. x;
Liqu = (1 - 61'j5p05q0) Aiqu - 6;)05(]0 VJI ;l, Aiioo

13

(G,j=12,...» (13)

p,g=0,1...n)

Here 6, represents the Kronecker delta, and M, the molecular weight of
species i. In addition, in Eq. (10), X represents the horizontal or vertical
array

X=XX2%3...X, (14)

where x; is the mole fraction of the ith component in the mixture. The symbol
O represents a horizontal or vertical array of » zeros.

The multicomponent diffusion coefficients [Dy;], can be written in a
similar notation as

%' g | % ' 'L0n ‘ 0
BN N IR S
Lloanlle ! 'Llan
Eﬁﬁﬁ_fﬁfﬁﬂg
| | | .
|- l [
S S IO N N
L"°|L"‘|L"2 l |L"”l@
ey R
5,l@|(0 sl O 0
2
D] — =
[Tt]n Skn (15)

Here, the symbol §; denotes the horizontal array of Kronecker deltas,
6 =00+« - - 0y (16)

The multicomponent thermal diffusion ratios [k;], are given by the equation
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In this equation the elements D,, /™*" are defined by the relations

Dmmk(n+1)=0 form=152"'”’k=1’2"'v
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The quantities d,,*"*" are themselves given by the equation
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where A, is a vertical array of » elements:

Ak5(51k—%)(52k—%)‘"(5,,1:—%) (k=1,2...») (21)

In addition, D is defined by Eq. (11) and §, by the correspondence of (16).
Finally, the elements S/ + " of Eq. (17) are defined as

700 ! o I 192 [ ...... l L% | Aj
ol et TS
I e R R e
| | [2 | oo, | Y

4
5k

S _ (22)

in which X is defined by the relation (14).

Equations (7) and (10)-(22) provide an explicit, consistent calculation
scheme for the thermal conductivity of a dilute, multicomponent gas mixture
of monatomic components of any order of approximation, which is readily
coded for a digital computer once the elements L;”? are defined. Further
reduction of these formulae is therefore unnecessary.

3.1 The Elements L;}?

The quantities L;/? are defined by Eq. (13) in terms of the A,/%, which
themselves are given by the general expression [8]

Smil/zm-‘/z
Af* = s 180 22 %% [S327(C7) €, 83,9(CY) Cliy
* (23)

+ X X; [S3/z(p) (CZ)C, S3/2(q) (Cz) C];j’
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The terms in square brackets are the partial bracket integrals of kinetic
theory defined in Ref. [8]. The symbol S;,”(C?) represents a Sonine
polynomial of order p, while C is the reduced molecular velocity and C its
magnitude. Because of the symmetry properties of the partial bracket
integrals, the A, satisfy the symmetry requirement [8]

Aiqu = Ajiqp Gj=1,2.--y

(24)
p,q=0,1 ° 'n)
In addition, they satisfy the two further conditions [8],
ZAi'po:Ov iAi'0q=0 (P,q=0,1"'n;
i periid (25)

j=12-10)

It then follows from the definition of the quantities L,”? that they satisfy the
conditions :

. p=q=0
L =L* (pg=0,1...ni,j=1,2---vexcept L (26)
17=]J

DLS=0, D LM=0, (pg=01---mj=12/- ) (27)
i=1 i=1

Each of the partial bracket integrals of Eq. (23) can be reduced to a
linear combination of the collision integrals characteristic of the interaction
of species i and k according to the method described by Ferziger and Kaper
[12]. Since we are ultimately interested here in the evaluation of the thermal
conductivity to the third-order Chapman and Cowling approximation, it is
necessary to evaluate the L,/ as far as p = g = 3. Ferziger and Kaper have
provided a tabulation of expressions for the partial bracket integrals up to and
including p = ¢ — 2 as linear combination of collision integrals [8]. Here we
employ their results, together with new results generated according to their
procedure for higher-order bracket integrals, to construct expressions for the
Lfiasfarasp =q=3.

We have formulated the results in terms of the commonly employed
reduced collision integrals Q,*"* for the interaction of species i and j defined
by Hirschfelder et al. [4] and Ferziger and Kaper [8]. In addition, we have
introduced a number of symbols for commonly occurring combinations of
reduced collision integrals. Where there is an overlap with the results of
Hirschfelder et al. [4] and Ferziger and Kaper [8] an identical notation for
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these combinations has been adopted. The expressions for the L,/ are
collected in the Appendix, and they show that, given reduced collision
integrals characteristic of every pair interaction, the evaluation of the
third-order approximation to the thermal conductivity of a multicomponent
mixture is straightforward, if tedious. The reduced collision integrals them-
selves may be calculated by standard techniques, given a knowledge of the
various intermolecular pair potential energy functions.

4. THE HIGHER-ORDER APPROXIMATIONS FOR BINARY
MIXTURES

In the case of pure monatomic gases, the nth order approximation to the
thermal conductivity can be written in the form [4]

N = INLAY (28)

where £, is a factor that accounts for approximations higher than the first,
and [N], is the first-order approximation given by eq. (A.24); see the
Appendix. Within the Chapman and Cowling approximation scheme, £,
takes the following forms forn = 2 and n = 3

(LIZ)Z
f)‘(2) =1+ W——(—LT)Z (29)
A(3) =‘f;\(2) + L”(LIZL23 _ L22L13)2/{[L11L22 _ (L12)2] ( )
30

11 22 733 12 p13 23 11 2382 22 1332 _ 733 1232
x [LL2LP + 2L LB L — LN(LP) — L2(LP)? — [3(L%)Y)}

Here we have omitted the subscripts from the L’s since it is understood that
they refer only to the single pure component 7; that is, they can be derived
from the L;”? of the Appendix by setting x; — 1 and x; — 0 (for j # i).

In the case of multicomponent mixtures of gases, it is not generally
possible to write the higher-order approximations as perturbations upon the
first-order result. However, in two special cases such a procedure is possible,
and they provide a means of checking our algebraic results for the mixture
thermal conductivity. In one case we have derived the third-order approxima-
tion to the thermal conductivity of a mixture in the limit of one component
mole fraction being unity. In the second case we have derived the third-order
approximation to the thermal conductivity of a mixture of a gas with itself.
The results of both calculations for n = 2 and n = 3 are identical with those
given by Eqgs. (28), (29), and (30), as they should be.

We can, of course, always define a function f,,,"”, which relates the
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first-order thermal conductivity of a mixture to the nth order approximation,
by the equation

[Am]n = [Aw]lfmix(n) (31)

The algebraic difficulties mentioned earlier prevent us from writing down an
explicit formulation for f,,™. Nevertheless, for specific systems, f,.,™ can be
evaluated numerically by computing the mixture thermal conductivity in the
first-, second-, and third-order approximations according to the equations
given here. In order to illustrate the magnitude of the effects of higher-order
approximations, we have carried out such calculations for three representa-
tive binary gaseous systems of monatomic species.

We have chosen for our examples the binary systems neon-argon,
helium-argon, and helium-xenon. The mass ratios of the species in these three
systems are 2, 10, and 33, respectively, so that they span the entire range of
mass ratios for the monatomic species. In order to compute the reduced
collision integrals for the various pair interactions we have employed an
intermolecular pair potential determined from the functionals of the extended
law of corresponding states [13, 14]; that is, we assume for the purposes of
these sample calculations, that the intermolecular pair potentials for interac-
tions among all the monatomic species can be rendered conformal by the
choice of an energy scaling parameter ¢; and a distance scaling parameter o;;.
It follows from this hypothesis that the reduced collision integrals Q“* for all
monatomic gas interactions are universal functions of the reduced tempera-
ture (T = kT /¢;), and this has then been shown to be obeyed to a high degree
of accuracy by the collision integrals @®?* and Q"""*  determined from
viscosity and diffusion coefficient measurements [13—15]. Boushehri et al.
[16] have employed the universal correlation of the collision integral Q,,
[13-15] to obtain the universal intermolecular pair potential directly by
means of the inversion procedure of Smith and coworkers [17, 18]. Maitland
and Wakeham [19] have repeated this calculation and have shown that
although there are deviations from conformality of the intermolecular pair
potentials of the various pair interactions, these are generally small. Conse-
quently, for the present purposes, the universal intermolecular potential
energy function obtained in this way. provides a convenient and useful
approximation to the true pair potential function for each interaction.

Accordingly, we have employed the method of Smith and his coworkers
[17, 18] to invert the universal functional Q,, of the extended law of
corresponding states [13—15]. We have then computed from the inverted
potential the collision integrals up to Q“¥* which are required for the
third-order approximation to the mixture thermal conductivity with the aid of
the algorithm of Barker et al. [20]. When combined with the scaling
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parameters ¢; and o; of the extended law of corresponding states for each
interaction [15], these collision integrals provide all that is required for the
calculation of the mixture thermal conductivity up to the third order, and
hence f,,* and f,;,®. In performing these calculations, we have confirmed
that for a mixture of a gas with itself our computer program yields identically
the correction factor £, for the pure gas independent of mole fraction, as it
should.

Figures 1-3 display the results of these calculations for the systems
Ar-Ne, Ar-He, and Xe-He, respectively. We have plotted in these figures the
correction factors f,,,® and f,,® for several absolute temperatures as a
function of the mixture composition. Taking the three figures together, it is
clear that the magnitude of the correction factor for either order of approxi-
mation increases as the mass ratio of the two species is increased. In the case
of Ar-Ne, the second-order correction factor f,,® contributes as much as
1.2% to the mixture thermal conductivity, and increases with temperature.
This represents only a small enhancement of the correction factor for the pure
gases. The inclusion of the third-order correction factor would increase the
thermal conductivity of the mixture only by a further 0.1% at most, so that
convergence is rapid. For experimental thermal conductivity data with an
accuracy of +0.2%, the second-order approximation is sufficient for argon-
neon.

For argon-helium the correction factors f,,* and f,,* show a
pronounced maximum at all temperatures. In this case the second-order

1020 J
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Fig. 1. The higher-order correction factor for the
thermal conductivity of mixtures of argon and neon.
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Fig. 2. The higher-order correction factor for the
thermal conductivity of mixtures of argon and helium.
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Fig. 3. The higher-order correction factor for the

thermal conductivity of mixtures of xenon and
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correction contributes- as much as 2% to the thermal conductivity of the
mixture, but only about 1% to the thermal conductivity of the pure gases. The
third-order correction factor contributes a further 0.3% to the thermal
conductivity, so that convergence for this system is less rapid than for
argon-neon, owing to the higher mass ratio. A second-order approximation is
therefore barely adequate for argon-helium.

In the extreme case of xenon-helium, the higher-order correction factors
for the mixtures decrease with increasing temperature, in contrast to the
general behavior for the other systems. The second-order correction factor
contributes as much as 2.6% to the mixture thermal conductivity, whereas the
third-order correction adds a further 0.7% in the worst case. A third-order
approximation is therefore essential for the description of the thermal
conductivity of xenon-helium mixtures.

5. APPLICATION TO EXPERIMENTAL DATA

Measurements of the thermal conductivity of argon-neon and argon-
helium mixtures in the limit of zero density at 27.5°C have recently been
reported [3]. The experimental data have an accuracy of +0.2%, and only for
the argon-neon system could the results be adequately described by the
first-order kinetic theory formulae. The earlier discussion indicates that this
is, at least in part, because of the significant contribution to the mixture
thermal conductivity from higher-order approximations. In this section we
examine whether the same experimental data are consistent with the third-
order kinetic theory formulae presented here.

An ab initio calculation of the third-order approximation to the thermal
conductivity of binary mixtures of argon-neon and argon-helium requires
accurate intermolecular pair potential energy functions for each pair interac-
tion. Although reasonable estimates for these potential energy functions are
available [19], they would not necessarily reproduce exactly even the thermal
conductivity of the pure components. Since we are primarily interested here
in the composition dependence of the mixture thermal conductivity, we
therefore adopt a procedure which automatically ensures that the experimen-
tal pure component thermal conductivities are reproduced.

We first identify the experimental thermal conductivity data for a
mixture with the third-order Chapman-Cowling approximation to it. Subse-
quently, we derive the first-order Chapman-Cowling approximation values
from the experimental data by means of the equation

[Am] 3 _ Aexpt
fmix(3) fmix(s)

A] = (32)
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In the calculations we have employed the values of £, for each system
generated by the procedure described earlier and based on the extended law
of corresponding states. In the first-order approximation, the thermal conduc-
tivity of a binary mixture depends only on the elements L;,'", L,,", L,,"
defined in the Appendix. Thus the only quantities, characteristic of the unlike
interaction, which enter the expression for the thermal conductivity of the gas
mixture are A%, B, and [A,],, the “interaction” thermal conductivity [4].
Of these quantities, 4% B}, are relatively insensitive to the nature of the
unlike pair potential energy function and can be estimated from the correla-
tions of the extended law of corresponding states [14, 16]. Furthermore, the
first-order approximations to the pure component thermal conductivities [X,];
and [M\,], can be obtained from the experimental data through Eq. (31).
Consequently, we may first use the experimental data for the mixture thermal
conductivity at each composition for each system to obtain the interaction
thermal conductivity [A},],.

The results of such calculations, based on the experimental results of
Ref. [3], are given in Table 1. The definition of [A,], given in Eq. (A.25) of
the Appendix shows that it should be a composition independent quantity. For
argon-neon, the mean value of the interaction thermal conductivity is

Marnel; = 31.04mWm™'K™* (33)

with a maximum deviation from the mean value of +0.5%. When account is
taken of the uncertainty in the experimental thermal conductivity data for the

Table I. The Interaction Thermal Conductivity [A;,],

Argon-Neon
[}\m} expt — [)\m]S [)\m] 1 [AIZ] 1
Xar (mWm'K™") (mWm K™ (mW m~'K™Y)

0.0 49.45 48.92
0.3675 33.81 33.46 30.97
0.5276 28.78 . 28.52 30.96
0.7377 23.36 23.20 31.20
1.0 17.74 17.70

Argon-Helium

0.0 155.9 154.3

0.2238 95.26 93.64 72.00
0.3453 74.95 73.51 72.65
0.6403 41.04 40.24 71.00
0.8105 28.80 28.35 72.65

1.0 17.74 17.70
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pure gases and the mixtures (+0.2%), the overall uncertainty in the calcu-
lated value of [Aj,]; for the system is estimated to be +0.6%. Within the
uncertainty bound then, the resulits for [A;,], are independent of composition,
as they should be.

For argon-helium the mean value of the interaction thermal conductivity
is

p\ar-He]] =72.08 mW m‘lK—l (34)

with a maximum deviation of 1.5%. For this system the uncertainty bound
associated with the calculation of [A;,], is rather wider than for argon-neon.
This is because of the large mass ratio of the two species, which renders the
calculation of [A,,], more sensitive to the values employed for A% and B as
well as to the composition of the mixture compared with the argon-neon
system. We have confirmed by direct calculation that an error of only 0.0005
in the mole fraction of the mixture can contribute as much as +0.5% to the
uncertainty in the calculated value of [\,],. In addition, errors of +0.2% in
" the collision integral ratios 4% and B}, each contribute +0.2% to the error in
[A12}i- When account is taken of these uncertainties, together with the errors
in the thermal conductivity data themselves, the overall uncertainty in the
calculated value of [A;]; is estimated to be one of =2%. Within this,
somewhat larger, uncertainty bound the composition independence of [A;,],
for this system too is confirmed by the results of Table 1.

Using the mean values of [\,]; given by Egs. (33) and (34), we have

30
[=]

ES o
8 15 2
—~ o
o
o [+]
o ° o
< 0 5 s ’
o
r<8 °
1
'\ -15
&
~<

-30

0 025 0.50 075 1.00

ARGON MOLE FRACTION

Fig. 4. Deviations of experimental thermal conductivity [3] from the
calculated values at 27.5°C. ®, Ar-Ne third-order approximation calcu-
lation; O, Ar-He third-order approximation calculation; I, Ar-He
first-order approximation calculation.
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computed the third-order approximation to the mixture thermal conductivity
of the two systems Ar-Ne and Ar-He. In these calculations we have again
employed the correction factor f,;,*’ and 4% and B¥% computed from the
extended law of corresponding states as well as the experimental pure gas
thermal conductivities [2, 3]. Figure 4 contains a plot of the deviations of the
experimental data for these systems from the calculated values. In the case of
argon-neon the deviation does not exceed +0.2%, which is commensurate
with the experimental error. For argon-helium the maximum deviation in the
thermal conductivity amounts to 0.9% for one mixture but is considerably
lower for the remainder. For the purpose of comparison, Fig. 4 also contains
the deviations of the experimental data from a first-order calculation of the
mixture thermal conductivity for argon-helium. For this calculation the
experimental pure gas thermal conductivities have again been employed,
together with the interaction thermal conductivity of Eq. (34). Here the
deviations amount to as much as 2.4%. Thus the need for an approximation of
higher order than the first in order to calculate adequately the thermal
conductivity of binary mixtures with a large mass ratio is emphasized.

6. THE EUCKEN FACTOR

It is a result of the kinetic theory of gases that the interaction thermal
conductivity [A,], and the corresponding quantity for viscosity [u,], are
related by the generalized Eucken equation {8, 21],

[A2] 8M, M,
Eu,, = =1 (35)
2 [t 15R(M, + M)

The present results, together with earlier viscosity data for argon-neon
and argon-helium, afford the opportunity to assess the consistency of the two
scts of experimental data. We have, therefore, employed the viscosity data of
Refs. [22] and [23] to deduce the interaction viscosity of Ar-Ne and Ar-He at
27.5°C. For this purpose we have employed the second-order analysis
described by Kestin et al. [15]. The mean values of the interaction viscosity
obtained in this way are

[#arne]; = 26.56 + 0.2 uPa's (36)
and
[tarnel; = 16.19 = 0.3 uPas (37)

In the case of argon-neon the uncertainty in the interaction viscosity is
estimated to be one of +1%, whereas for argon-helium the uncertainty is
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somewhat higher at about 2% for reasons similar to those cited for the
thermal conductivity above.

When these values for the interaction viscosity are combined with the
values for [A;,]; given in Egs. (32) and (33), we obtain the following results
for the Eucken factors:

Eu,,n = 1.004 = 0.016 (38)
Buy, 4 = 1.04 = 0.04 (39)

Thus for argon-neon and argon-helium we confirm the consistency of the
viscosity and thermal conductivity of binary mixtures within the limits of
experimental error. It is worthwhile pointing out here that the uncertainty
bounds associated with the Eucken factors for the unlike interactions are
unavoidably larger than those characteristic of pure gases. This is because,
even when experimental data with an accuracy of £0.2% are employed in a
third-order approximation analysis, the determination of both [A;,], and
[i12], from experimental data is necessarily deficient and subject to large
uncertainties.

7. CONCLUSIONS

Second- and third-order Chapman-Cowling approximations to the ther-
mal conductivity of a multicomponent mixture of monatomic gases have been
derived. It has been shown that for gas mixtures containing species with a
large mass ratio, the convergence of the theoretical expressions is slow. A
third-order approximation to the thermal conductivity is essential for an
accurate calculation for mass ratios exceeding about 10. With the aid of the
equations developed here it has been possible to demonstrate the consistency
of accurate viscosity and thermal conductivity measurements on binary
mixtures.

A computer program for the evaluation of the higher-order correction
factors for the thermal conductivity of gas mixtures, according to the scheme
outlined here, can be obtained by writing to one of the authors (W.A.W.) of
this paper.

APPENDIX

Expressions for the elements L/, required for the calculation of the
third-order approximation to the thermal conductivity of a multicomponent

mixture of monatomic gases are listed below.

LY =0 (A.1)
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In these expressions we have employed the following definitions of
collision integral ratios

Qs (1.2) 13) wn
Af=gone B =[50 — 40,0 /07F
(1,2)% (2.3)%
C* = ij E* - QU
U= (D 7T @Dx
ij y
A23
QBN=* Q. 1A% ( )
F¥o ——— G¥*=4
y Q(l.l)* y 9(1,1)*
9(2,4)* Q(LS)*
* 0 * _
HU' - Q2= Iif - Q:D*
2.5)% (1,6)%
JE g’l__. K*— Q‘l—_
ij 2.2 ij 11
Q’_j( )k Qij( 23
34)%x (2,6)%
o W T o Wy
if 1,1 i 2.2
Qij( )13 Qij( )%
(4.4) % (1,7)%
Uy 2 2.2 Vi= _QU—I)_
if . i Nl
Q‘_j( )% Qij( *
(3.5)%
W= s
i Q. (LD=

In addition, we have used the first approximation to the thermal conductivity
of pure gas i:

75 (N, - KT\ 1
N ZEZ( M, ) Q.00 (A.24)

as well as the so-called interaction thermal conductivity

[)\ij]l

75 (NA KT(M, + Mj))‘ﬂ 1

T 64 A5
64 2rM M, PN (A.25)

where N, is Avogadro’s constant.
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